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(Quad.rakic matrix inequalities : basic d.@tfini{:ims

“The ob_'\e.ct of skudé s the QMT:

N meass: Sjmme{:ric posil:ive, semiolg\fs;nil;e,
W' [i“ £o
yA Z >

\Q Sq»rr

in the variable Z & Rrx;] ond the solution set
T -
. rq Ll = | Y > ,
Lo(T) = %zem l [Zl T {Zl o E

Nhé chould we core about these %2

A simple example:
Consider the System:

x(tr) = As 2lt) + Bs w(t) + wlt),
where ?L(‘f) eR" is the Sto.&) LL(JC)G‘RM is the fnPu,{: ond. UJU:)ER“ S

nose, The matrces As andl Bs are unknown.

Goal: Find a conkollr w = Kae such that As+BgK is Schur,
using the deta:

X ::('x_(c)) ac(1) - x(‘r)) ond U- = (ul0) w() - u—(’r’l))



ng/j;ne, X_ = ('x_(_o) (1) ~ ')L(_T-I)) and Xy = () a2) - %(T),
The noise matrix W= (W) w() - w(T-1) is unknown.

How to model the noise?
Several econt papors use (ML o(Qsc,ﬁFhmg of the noise:
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Formulas for Data-Driven Control: Stabilization, T T
Optimality, and Robustness ‘
Claudio De Persis © and Pietro Tesi © w - W.—- ﬁ r( X+ X“'

Abstract—In a paper by Willems et al, it was shown  the achievements obtained in system identification. A major
that persistently exciting data can be used to represent the challenge is how to incorporate data-dependent stability and
input-output behavior of a linear system. Based on this  performance requirements in the control design procedure.
ndamental result, we derive a parametrization of linear
feedback systems that paves the way to solve important
control problems using data-dependent linear matrix in- A. Literature Review

Robust data-driven state-feedback design

Julian Berberich!, Anne Koch', Carsten W. Scherer?, and Frank Allgower! - ‘l

Abstract—We consider the problem of designing robust state- ~contributions which consider this result in the context of data-
feedback controllers for discrete-time linear time-invariant sys-  driven system analysis and control, including dissipativity
tems, based directly on measured data. The proposed design yerification from measured data [10] or an extension of [9]
procedures require no model knowledge, but only a single open- o ¥ toil T, M »
Toop data trajectory, which may be affected by noise. First, a 1© certain classes of nonlinear systems [11). Moreover, the
data-driven characterization of the uncertain class of closed- recent work [12] derives a simple data-dependent closed-loop
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From Noisy Data to Feedback Controllers:

Nonconservative Design via a Matrix S-Lemma [-L
— || ¢

Henk J. van Waarde ©, M. Kanat Camlibel ©, Member, IEEE, and Mehran Mesbahi @, Fellow, IEEE

Abstract—In this article, we propose a new method to ob-  In fact, one of the unsolved problems is to come up with
tain feedback controllers of an unknown dynamical system ., control design strategies using only a finite
directly from noisy input'state data. The key ingredient of .

our design is a new matrix S-lemma that will be proven in
this article. We provide both strict and nonstrict versions W
of this S-lemma, which are of interest in their own right. sufficie:

s problem by providing necessary and
itions on noisy data, under which controllers can

_’Lnte,r?rd:a,l:ion: E.nerﬁa, bownd. on noise: ciD‘L:O, 4’11. = -1 impla,

T\

WWT = Zw®u’ £ du.

% sample bounds: w®<e Yt=ou M = @ wth ¢y = €T
. L LafTI(T

% sample cowronce bounds: W_(T-741 )\r\l- nd Ct)“

(boke. =0, ¢y = -F(T-$41)
% noise -Sce.e, data: W-=0 if oy=0, $,=0 and 4)11,:-1.



The assumrﬁicx\ on He noise leads to a <eb 0& ”prlainingf' sjs‘:Qms’.

L= 2 (AB) | Xe = AN C+BU+ W- oo some wfe%w(cb)%

In porkiculor, (As, Bs)e 2 (but there may be many other SJS‘:%)

x - feal (86 (I

Since we cannob distinguish bebwean (Ag, Be) e aQNT
and. Ou’lj other (A.B)ei) we wont to Control in the .u,v\kn.o\wn
AL s\tjs’ce/mg n 2. A ond B

nigion: The daka (U-, X) ore informative for q(;_aol/roiic,
stabilizakion i)f there existe @ K eR™™ ond P o such that
P — (A+BK)P (A+RK> >0
§or all U\)@)EZ,

.Lnterpretmhm K,SEob li2es all systems in S with Common Ljapunw
guu\cfucm P,

Note: The kyepunov mequo.l l:a moy be written as

AT oyl (e



So the question is: when do there exist K and P st.

%(F H ol XD zn*.(\[ﬁ\g?((m ¢

goluhion get o
strick QMI.

Ofher g,xa.m;l)tes where QM1s Q.ppeor:

I“PU«{Z Ow(:pul: systems:
q(t)+PP glt- D) 4ot PEYE-D = Qowlt) + QF wlt-1) +..+ QLult-)rult)
ey eR) uld) e R" ond w(D R, t-L,L0,,T.

Hankel mateix:
X o) u,('l) e U..,(T"L)T

5(?) 3(\) 8"\;_1') H,
w(l) w) -0 w(r) o He

Y ywn) -y
Unlnown Cpeﬁici@/\ﬁ: R = (O\i PE Qs ‘P\S Qg]

v = [3)- [l
BB x@a%

Set oj Qx‘)\ainirﬁ s\tjskems :: %



Luc’e 3us Lems:

x(th) = Acxlt) + Bsuld) + E Y (36) +wkt)
y () = Conlt) + Ds wlb)+ o(t)

Data: X, U- as beﬁore ond, Y- = (40 yl) - a(T-\)))
= (fy6) 40 - 94k,

| w(© w() - w(T-)
Noise:  W- = (V(O) JORS U(T")).

Set OS Q,Xplalning SSS&W\S-.

[X*\'-EF- A RIIX

=MD |y |- o u.: = W_ for some W.TEZT(@

0gaun gave/meot bj @ QMIY

rPlbrﬁ)SQ O—(— this tadle :
Undexstondl. propesties of @MLs in the conbext oﬁ
daka —osiven (robust) control

QUADRATIC MATRIX INEQUALITIES WITH APPLICATIONS TO
DATA-BASED CONTROL*

HENK J. VAN WAARDE', M. KANAT CAMLIBEL', JAAP EISING#, AND HARRY L. TRENTELMAN'

Abstract. This paper studies several problems related to quadratic matrix inequalities (QMI’s), i.e.,
inequalities in the Loewner order involving quadratic functions of matrix variables. In particular, we
provide conditions under which the solution set of a QMI is nonempty, convex, bounded, or has nonempty
interior. We also provide a parameterization of the solution set of a given QMI. In addition, we state
results regarding the image of such sets under linear maps, which characterize a subset of “structured”
solutions to a QMI. Thereafter, we derive matrix versions of the classical S-lemma and Finsler’s lemma,
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Quadratic mafeix Inequo.litio,s: basic _properties

First order of business: when does there exist a solubion L€ R™ Lo

)" 2\ [
U T Te) |9} g 2L
Qe
€5 T T -£
In 3<zmml , not So easy e L (1T) = |t T |hag ¢

nejo.{\\le eigenvoiues. Not thak usesul.,, -2 I o

We can Say mofe ig ker Ty, € ker Ty and Ty 0. Then:
Schur Ccmplemen'l:: T 'T\—u-\TJ r\-zl

_ i - _
W e {%q\Mﬂﬁ M o Lq 0
T\z\ Wu - o Ir 0 T\u, T\J Tl},y L
\ Moore - Penrase

Pseu.do -inverse,
I‘Xq

Hence , for ony L € R

[;}TT\‘ [z] =‘ﬁlﬁu Ll (ﬁ{{ﬁz|+2)-r.nu (‘ﬁzz-n-u'f Z.) 2

So a necessary condibion for nonemptiness of 2(m):  TI|Tz >0,

T \' T
Also Suﬁici@n’c because X:WJ‘TZ'X T T_t “u\ =T [T

ﬂ\ i\ sOlU-l’.\O“

& T 20.



This motivates the class GS— I - mateices”

) T (
% {“u -r‘:; qt l T‘).L 20, ker Tl & ker ||u)Tlru '§

Theotem: Let Te Mo, Then Ze(TM):
Q) is nonemply and. Comex
b) is bownled ¢ Ty <O
c) has none,mfrk\é interior & Ty =0 of T|Ty 20,

Now onto more intemest.‘ng s{:u.ﬁ...

Inclusions of colution sets of QMLs and matrix S-|emmas

let M,Ne G
Problem: Under which conditions do we have that % (N> cHMm)
(LQ) all colutions to one QAMT SO.JLRS% Ovr\OU’\QA‘ &f'll)

A classical resulk ( Yakuwbovich's & -lemma):

Let M,N € S'ond suppose that N has at least one positive eiqenale.
Then xeR" ancl oNx 20 = ™M=z 20 .&and,onléﬁ there
exists o0 such that M-aN =0.

Note: Here we need an S-lemma for matniX variables (and Loewner orolfz»r)



Theorem (makix S-lenma): Lok Me §' ot NET, and Suppoe
thak N has of least one positive e,ijenva,[ue.
Then % (N) ¢ %(M) & x>0 suh that M-xN 20.

S d\ecking AMT inclusions boilkdown to fwib:lil:aof linear madde;x
ineorua.likies‘.

Also ?OSSTHQ to dehve matcix S-lemmas with one skeich inec[ual.'kg-.

Theorem: et M;N € C™ and assume thak N E.‘I'I'qu and. My 4o.
Th@lf\ %r (T‘D < %: (H> & there exisi: 20 and B0 such Jchaj;:

T 0
M-uN2|F 0].

Things slm‘)l;sé iS Ny <0

Theorem: | ob M\N € ST and assume that NGTrq,r ond. Ny <o.
Then 4(N) € ZE(M) & Jx20: M-aN >0.

Now: how to apply. this to data- deiven conbrol (Q-j- SfQJoi,iELOhUY\)Z.



Recall that the inpub -state data (-, X) are informo.éive, for
stabilization if and only ;)C there exist P>0 and K s.t.

%({) o[:3]) < %:m([‘l '(5“?5))'

assumed to be
in set Tt /u\ 88 makeix S-lemma
A\

— m XN
[hee eist P>0, KeR' and salas w20, R>0 <t.

°F gl <[5 5) ¢ 23] >
I - - “X_
JREL0) B e R o e

Obserwotbion: We can scale Pand g b& ‘é'(, andl QPP%'

a chomge @f variables andl  Schus comflemmk to obtain

the g_qu'.\,ale/nb ML candibions

The date (U-,X) owre injormail\le for C{uad.faiic slabilizabion
(= Thue exict P>o, LER™" and B0 <.t

P-gL 0 O O [T X+ ] TI X+T
O o o P _ o -X- o X .
@) O o L 0 -U- Cl) 0 -l 0,
o P Lo® © 0 lo o

Hee K and L or celated bé, ~ =‘|—<,P.



Mi The makrix S-lemmas 'PFQS@/A{;QGL hese OPQ[O“‘&’ wnolor
mild assumphcmg (N eT[q‘r), in Comporison to

% Amatrix S-lemma derived. fcom fqu -blodk  S- procedure,
b& C. Scheser.
X A Clogel% colofed result lknown as Pelessen’s lemma,.

The new matrix S-lemmas enable:
% 3emml necessary & Suﬂ:iciex\é condibions jlor {nfcnmaiivi% (without
making o prior assumptios on the d'q;{;a).

% genwrol noise models @ €Tl

On data-driven control: informativity of noisy
input-output data with cross-covariance bounds

Tom R.V. Steentjes, Mircea Lazar, Paul M.J. Van den Hof

e.g. CrosS-covas.one
bounds —»

his p: e deve w data infol rmal knowle dg h n the
'Yb Sed t " v th |s '"e'h d "'t extend e: matrix v ocedure. Ouadratic noise bounds plav

¥ {reabment of naise in a subspace of the s{;a,&. Space:
U.)UT) emE Vt-—o)) ay 1-1

But Here s more to tell...



_T_m.C%Q_OQ [ir (TO wnoer linear maps

J

(Question: Lok TWeTlqe, and WeR™ . Can we characterize

the set OS: makeices %F(TOW C 'R”P?_
YES, using onokher OMT Y

Theoem: Assume that eibher T, <0 or W has §ull column famk,
Then %e(MW = Z(Tw) , where

WTW\\ \'\l WTﬂE
ﬁw - “‘1\ W WLL .

So the image 0& a QMT solukion seb wnder @ [inear map IS aﬂa.'n a
solukion sek o§ a (d?ﬁ@rem{) QMTL.

Eg(olﬂ%_t Lok T eS8 with Ty 20 and ker Ty S kerTl.
Cansider W € R ansl YeR™ Suppose that W has fdl column

comk of Ty <0. Then 32 € () such that ZVy =Y
i ond oy if TeTge and Y e Ze(Tw).



Applications in data-driven contbrol:

¥ Noise within aquos[:aLe:

N N -
Lot & € Ty with Gu <0. Let EeR 4

Thn W = EW- o some WT e B1(¢) if omt only if
W€ Z7( ¢), whore

Ct‘) N E a\)uET E ¢|L
‘ E ¢7n )
SO we can coptue the cosbaint imMW-S;mE in the noigemodd47.

* lnpui:—oulpuis Sjsjc?,mS:

%,(t) + P %(t—n) yo.+Plylt-b) = Qo wlt) + QS wlt-1) +..+ Qfult-)+wk)
A (Sﬂ‘ thMQCL) skoie—spm;e [ QPCQSQA{;Q;G@(\:

[u.(_t—l.ﬂ) 1T 7 -u.(’c-Lﬂ "o ‘o
Y (b-L+) Koown mokeix ut- | | O 0
. Do+ u&)+ )
W) u(t-1) I 0
; 509 \ ,QE £ - Q -PF |46 | Iy LI_
— V7 o~

= As = ’1«(_‘{') =%



Combining Prior Knowledge and Data for Robust
—9
AS QISO no.l:e'd/ here, b} Controller Design

Julian Berberich!, Carsten W. Scherer?, and Frank Allgower®

(As, Bs) ane sbruchured |

Suppose that we wont to design a dynamic output Jeatback :

w(t) = Kxld)
w(t-L)
()
= K % o
w(t) [ oo u,\\xmw%g‘s\c\

yt-n

e

Uncedain (AB)'s are of the fam (A B) = (Z> * (R>

= P\T> _ (T O>+R(o 1)
As beSore) the umlf.nown coefficionts Sailsf&

I 10
R' ¢ % (pm) L+, [{-\L OJCI)[:‘HTX

——
We want that P - (A 8)(2)p(E) (&) >0, datis,
T |reRdd  -Ope)| T

foa) | -@AET (5] -G s
IL-OaTE -G



We. thus wont: R_' € %(wm)“m(t\l) = R 0 I)E f‘Z(Pme)um( )

Ectuivalemu ) %(P"‘“)L*‘" (N) (0 1) S %(_‘Lm)um ( M)

T—' But this 13 aaain a
QML solution Seb!

Rest fo\low& @gjain foom mabrix S~ lemma.,

A behavioral approach to data-driven control
. . with noisy input-output data
A beMV‘ ml a‘PF rOQ.Ch l g H.J. van Waarde, J. Eising, M.K. Camlibelienior?/lember, IEEE,pand H.L. Trentelman, Life Fellow, IEEE
also avallable that avoids

shake ~space representations

¥ Redustion Of Campu,f;ai{ona,{ eomplexiéa,:

Recall that the inp«dz -stote data are informative for quadrafic
stobilization <=7 there exist Pro, >0 and K€ R™" of.

ppL O L % T %\
IN| = |o- o -X-1 > 0.
[" '('I‘)P(‘) L-uj ¢ 0 -Us
This imw(ua/li,t% could be (ejormuja:l;ed as om ML,

RBut we con ako reduce compu.l:abiona,l CCM\PIQXE% as fo"ows:



T - -
T oot 00 [xx] [rw] of(T00
o Lo 0 ~P OJ7|oX-|{b|o-X P 0L0>
00l o ool [o-U-| |o-u-{io||°0 1 70
) ‘b\_’/\f"\:j' -
=‘.(q)
Sowearelooki,%for
o sbruchured. solution
to oo QMTY

JTdoa: APP% corollaryy with T=Y, W= @f‘;) , Y=(o o),
Theorem : rDQf\'f\e 0= P tXs (bzl- The data (U-X) ore

informotive. for quadrabic stabilization i and only. if there
oxist PeS' and g>0 si.

CEBINE
P-gL - [Ii:\T@EI\ +9 E(L\T( m %iﬁ‘f) m 6’20,
I§ these [MTs ore Jeasible, then

Ki= (U-(0n+677O)XT)(X_ (¢ +OTOIXT)T
is @ stabilizing feedback gin far ol (AB) €2,



where 7= P-gT -1 X4 0 [iﬂ

NO[’.QJ Dim%SiO(\S 05’ LMI—S S Smal\Qf) ond, less oleCiSion W:lees
EX?\.'c'r{: JCormu,la ‘Sor controller, given P and, .

Remorl: This formalation will also leér on imPo{l;a/né role for
39,{:4,\‘08 inSBWt into the canservatism og cammon Lﬂapunov fw/d.'am
(see WeBTO5.5).




Conclusions

Main message: Results on QMIs as o “teolbox for datq-
driven (obu,s{: cantrol”

% Solubion sefs oﬁ QMIs describe
—~ goks og S&sl;@/ms consistent with dala
— s{;abili%/ pecfermance 3uwra,nE22$ Vio
L.Sap\mo\l & dissipation [nequal&ﬁies.

¥ Inclusion og colution cels e makbnx S-|emvas
- IMT comlitions fav stabiliaation, Hz, He, -

A% lmo%z of wolubion sels wnder hneor MopS
" steuckured”  solwkions to QMIs
— inpui —oukPu,E Sﬂstﬁm% , Nojge 1IN SubsPace) mduc{ng camflexu'%.

QUADRATIC MATRIX INEQUALITIES WITH APPLICATIONS TO
DATA-BASED CONTROL*

HENK J. VAN WAARDET, M. KANAT CAMLIBELf, JAAP EISING!, AND HARRY L. TRENTELMAN'

Abstract. This paper studies several problems related to quadratic matrix inequalities (QMI’s), i.e.,
inequalities in the Loewner order involving quadratic functions of matrix variables. In particular, we
provide conditions under which the solution set of a QMI is nonempty, convex, bounded, or has nonempty
interior. We also provide a parameterization of the solution set of a given QMI. In addition, we state
results regarding the image of such sets under linear maps, which characterize a subset of “structured”
solutions to a QMI. Thereafter, we derive matrix versions of the classical S-lemma and Finsler’s lemma,
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